Abstract. This note constructs a finitely generated group W whose wordgrowth is exponential, but for which the infimum of the growth rates over all finite generating sets is 1 -in other words, of non-uniformly exponential growth.
Introduction
The purpose of this note is to construct in an as short and elementary way as possible a group of non-uniformly exponential growth, i.e. a group of exponential growth with a family of generating sets for which the growth rate tends to 1. The "limit" of these generating sets generates a group of intermediate growth.
This construction is an adaptation of [Bar02] , which describes a family of groups of intermediate growth. It came after John Wilson announced he had produced such a group; my method is similar to his, and indeed only claims to be somewhat shorter and more explicit than his recent preprint [Wil02] .
The reader is directed to [Har00] for a survey on uniform growth of groups.
A Group of Non-Uniformly Exponential Growth
First consider the group A = PSL(3, 2) acting on the 7-point projective plane P over 2 . The group A is generated by 3 reflections x, y, z in P , as in Figure 1 .
In symbolic notation, we write
Next we let A act on the sequences P * over P by
and we let an isomorphic copy A of A act on P * by
where
. . , g 7 ∈ W and a ∈ A, we introduce the notation g = ≪g 1 , . . . , g 7 ≫a for the permutation g of P ½ ¾ ¿ defined by
In this notation, we have a = ≪a, a, 1, 1, 1, 1, 1≫.
We then define the group W = A, A by its action on P * . Let G be a group generated by a finite generating set S. Its growth rate is
where B G,S (n) = {g ∈ G| g = s 1 . . . s n for some s i ∈ S} is the ball of radius n in G, with the word metric induced by S. (This limit exists because log #B G,S (n) is a subadditive function.)
The group G has exponential growth if λ(G, S) > 1 for one, or equivalently for any, generating set, and has subexponential growth otherwise. If λ(G, S) = 1 and #B G,S (n) is not bounded by any polynomial function of n, then G has intermediate growth. It is non-trivial to construct groups of intermediate growth, and the first example was produced by Grigorchuk [Gri83] in 1983.
Note that if λ G,S > 1, then there exist other generating sets
On the other hand, it is not obvious that λ(G, S) can be made arbitrarily close to 1.
The group G has uniformly exponential growth if inf finite S λ(G, S) > 1.
Note that free groups, and more generally hyperbolic groups, have uniformly exponential growth as soon as they have exponential growth. Solvable groups [Osi00] , and linear groups [EMO02] in characteristic 0, also have uniformly exponential growth as soon as they have exponential growth.
Mikhael Gromov asked in 1981 whether there exist groups of exponential, but non-uniformly exponential growth [Gro81, Remarque 5.12]. This was answered positively by John Wilson [Wil02] , and is the main result of this note:
Theorem 2.1. W is a group of exponential growth, but not of uniformly exponential growth.
The proof relies on the following propositions:
Proposition 2.3. W contains a free monoid on 2 generators.
Given a triple {a, b, c} of involutions acting on P * , we define a new triple
Proposition 2.4. If G is a perfect group generated by 3 involutions a, b, c, then
Proposition 2.5. W is generated by 3 involutions.
Proposition 2.6. Let G be generated by a triple of involutions S = {a, b, c}, and
Proof of Theorem 2.1. W has exponential growth by Proposition 2.3. Pick by Proposition 2.5 a generating set S 1 = {a, b, c} of W consisting of involutions; then λ(G, S 1 ) ≤ 2. For all n ≥ 1 apply Propositions 2.6 and 2.4 to (W, S n ) to obtain (W, S n+1 ). Define inductively Λ 1 = 2, and Λ n+1 by solving for the unique η n ∈ (0, 1) such that
It is clear that 1 < Λ n+1 < Λ n , so Λ = lim n→∞ Λ n and η = lim n→∞ η n exist. From (*) we have Λ = Λ 1−η , so either Λ = 1 or η = 0, which again implies Λ = 1.
Since λ(W, S n ) ≤ Λ n for all n ∈ AE, we have lim n→∞ λ(W, S n ) = 1.
A Group Of Intermediate Growth
Consider next the setS = {x,ỹ,z} of transformations of P * defined inductively bỹ 1, 1,x, 1, 1, 1≫x,ỹ = ≪ỹ, 1, 1, 1, 1, 1, 1≫y,z = ≪1,z, 1, 1, 1, 1, 1≫z, and consider the group V = S .
Theorem 3.1. V is a group of intermediate growth.
V is locally isomorphic to W , in that for any R ∈ AE, there is n ∈ AE such that B V,S (R) and B W,Sn (R) are isomorphic graphs, as seen as subsets of their respective group's Cayley graph. Pick now R ∈ AE. There exists therefore n ∈ AE such that the n-fold decomposition
Since the generatorsS and S 1 agree on a ball of radius 1, this implies that the generatorsS and S n agree on a ball of radius R.
Proofs
We will use repeatedly the following facts on A: it has order 168, and is simple, hence perfect. It is generated by {x, y, z}, and also by {xy, yz, zx}.
Proof of Proposition 2.2. Since A acts 2-transitively on P , there is u ∈ A that fixes ½ and moves ¾ to another point, and v ∈ A that fixes ¾ and moves ½ to another point.
Then
. . , 1≫ for any a, b ∈ A, and since A is per-
for any a, b ∈ A, so W contains ≪1, A, 1, . . . , 1≫. Combining these, W contains ≪W, . . . , W ≫ and A, so W contains W ≀ A. The converse inclusion is obvious.
Proof of Proposition 2.3. Pick u = v ∈ A such that ½u = ½v = ¾ and ¾u = ¾v = ½. Consider the elements a = uu, b = uv, c = vu, d = vv. They admit the
for some permutations σ = τ of P \{½, ¾}. I claim that M = {a, d} * is a free monoid; actually, we will show something slightly stronger, namely that {a, b, c, d} * /(a = b, c = d) is freely generated by {a, d}.
Consider two words X, Y over a, b, c, d, that are not equivalent under (a = b, c = d); we will prove by induction on |X| + |Y | that they act differently on P * . We may assume that X and Y are both non-empty, and that X starts by a or b, and Y starts by c or d. If |X| = |Y | = 1 then the decompositions ( †) show that X and Y act differently on P * . Otherwise, we have |X| ≡ |Y | mod 2, by considering the action on ½; and furthermore we may assume |X| ≡ |Y | ≡ 0 mod 2, by multiplying both X and Y by a on the right. Consider the decompositions
Then X 1 , Y 1 ∈ {a, b, c, d} * , and X 1 starts by a or b, and Y 1 starts by c or d. We have |X 1 | = |X|/2 and |Y 1 | = |Y |/2, so by induction X 1 and Y 1 act differently on P * , and hence so do X and Y .
Proof of Proposition 2.4.
3 etc. to see that H contains ≪G, . . . , G≫.
Therefore H contains x = ≪1, 1, 1, a, 1, 1, 1≫a ′ , and similarly y and z, so H = G ≀ A.
Proof of Proposition 2.5. Define a, b, c ∈ W by a = ≪1, x, 1, x, 1, 1, 1≫x, b = ≪y, 1, 1, y, 1, 1, 1≫y, c = ≪z, z, 1, 1, 1, 1, 1≫z .
Then (ab)
∞ or (zyx) ∞ , and this gives 6 possibilities: 3 for the choice of the cyclic permutation and 2 for the choice of xyz or zyx.
Fix now for every h ∈ H a word w h of minimal length representing h; and for all n ∈ AE let F n denote the set of such words of length n. We wish to estimate #F n .
For any η ∈ (0, 1), define the following sets: F >η n = {w ∈ F n | w contains at least ηn subwords belonging to ∆}, F <η n = {w ∈ F n | w contains at most ηn subwords belonging to ∆}.
